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CRITERION FOR Z^-SYMMETRY OF A SPECTRUM OF A COMPACT 

OPERATOR 

BORIS S. MITYAGIN 

Abstract. If A is a compact operator in a Banach space and some power A'^ is nuclear 
we give a criterion of - symmetry of its spectrum (j(A) in terms of vanishing of the 
traces Trace A" for all n, n > 0, n 7 ^ 0 mod d, sufficiently large. 


In the case of matrices, or linear operators T : A —>■ A in a finite-dimensional space, one 
can check (prove) that the following conditions are equivalent. 


(a) The spectrum of T is symmetric, or Z2-symmetric, i.e., A G cr(r) —>■ —A G o'(r) 
and their algebraic multiplicities m(A),m(—A) are equal; 

(b) Trace = 0 for all odd p G N. 


M. Zelikin 


Zeinsl l observed and proved that this claim could be extended to ©1, the trace- 


class operators in a Hilbert space. We will show that such claims could be made 


(i) in general Banach spaces; 

(ii) for Z^ symmetry of a spectrum, d > 2 . 


Of course, we need to make sure that Trace is well-defined if we write conditions like 
ng Then, the formula for the trace Trace A = should be properly explained 

if we us e it. We now recall a few notions and facts about nuclear operators (see more in 
Kon 86 ]). 

An operator A : A —>■ Y between two Banach spaces is called nuclear if it has represen¬ 
tation 


( 1 ) 


<? 

Ax = X ci-kfk{x)yk, q <00 
k=l 


where 

(2) 


Ufc > 0 , a* = Ofc < 00, and 
||/fc|A'||<l, ||yfc|Y||<l, Vfc. 


1 
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A linear space of nuclear operators A" —y is a Banach space Af^X^Y) with the norm 

(3) Pill =inf{a* : (HD,©}. 

A linear functional Trace is well-defined on Af{X;X) (for any Banach Space X) by 

<? 

(4) Trace A = E O-kfkiVk)- 

k=l 

Of course, 

(5) II Trace All < Pill, 

and II Trace\\ = 1. 

A. Grothendieck 


Gro95l | showed that for operators ([I|) [X = Y], 


( 6 ) 


if ^ < oo 


fc=i 


oo 


(7) then ^|Aj(A)| < 
where points of the spectrum cr{A) are enumerated with their multiplicity, and 

(8) Trace A = 

gives a factorization 


A = JF, X^i2{n)^X, 


The presentation (|H) with ([l|) to ([^) 

(9) 
where 

OO 

(10) Fx = '^al^‘^fk{x)ek, and 


1 

OO 


( 11 ) 

with 

( 12 ) 


Moreover, the product FJ is a t 
a Hilbert space t'^(N); see more in 


= '^CLk^kVk, 

1 

|T|| < (a*)^/^ ||J|| < (a*)^/^ 

rlbert- S chmidt operator, or of the Schatten class ©2 


GK69|, |Sim79|. Indeed, 


{TJCk, Cm) — 0-k fraiUk) 


(13) 
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^ |(-FJefc,em)|^ = ^ akam\fm{yk)f < ia*y 

k,m=l /c,m=l 


and 

(14) 

so IIFJII 2 < a*. 

By Holder inequality for Schatten classes ([GK69| or (Sim79|), 

(15) \\BCD\\,/, < ||B||2||C'||2||I1||2 
so {F jy G S 2/3 and has a representation 

00 

(16) {Fjf = ^ ('ki' 1 fk)hkj C > 0, 
where ||/fc||, \\hk\\ < 1 and 


k=l 


(17) 

Therefore, 

(18) 


has —property dH) and 
3 


(19) 

with 

( 20 ) 


k=l 


= J{FjfF = J2ck{Fi-), fk)Jhk 


k=l 


^^|Aj(24'^)| < 00 for all g > 4, 
i=i 


Trace A'^ = E-'jO’ 
1=1 


More c areful geomet ric anal ysis, based o n approximative characteristics of operators MP 66 l |. 
Pie87] — if we use Kon 8 cl | . or jKon 86 l . Theorem 4.a.6, p. 227] — shows that we can lower 


q in (fT9l) . () 20 l) to 3. Indeed, {F is in ©i(£^(N)), so there are finite-dimensional operators 
Gn, RankGn < n, such that 


( 21 ) 

Then 

( 22 ) 


an < 00 , where an ■= ||(-FJ)^ — Gr, 


- JGnF\\ <a* -ar, 
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and by KonSa . Theorem 4.a.6] 
(23) 


is nuclear, 


(24) 

and 

(25) 


< 2o- ^ 


0:^2 <C CXD, 


Trace = ^\j{A^). 


But this remark will not improve our Theorem [T] (below) in an essential way (just in (|41|) 
we can say p > p* > 3q*). 


In a Hilbert space X = H hy Lisdkh Theorem Lid59|, for any trace-class operator 

Ceei, 


(26) 

and 

(27) 


J2\^,{C)\<oo 

i=i 


Trace C = ^Xj{C). 
j=i 


Maybe, talking just about nuclear operators, M. Zelikin considered in ZelOSl . Thm. 2] only 
Hilbert spaces. 


Before stating our main result let us recall DS58I . Chapter VH, Sections 3 and 4] elements 
of Riesz theory of compact operators. 

If T : X —X is compact its spectrum ct(T) is discrete with 0 being the only accumulation 
point, and it has the following properties 

(i) for any p > 0, cr{T) fl {z : \z\ > p} is a finite set; 

(ii) if 


(28) 


(29) 


'^(®) = 2 — A| : A E <y{T), X ^ a} 


[so (5(a) > 0 for any a E C \ 0] and 

1 


P{a) = 


2Tri 


{z — T) ^ dz, 


\z—a.\=5(a) 
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then 

(30) m(a) = RankP(Q:) < oo, a € C \ {0} 

with 


(31) m(a) = 0 if and only if a ^ 

For a € ct(T) \ 0, m(a) is an algebraic multiplicity of an eigenvalue a. 

The operational calculus [DS58I . Chapter VII, Sections 3 and 4] explains that for any p > 0 
such that 


(32) a{T) r\ {\z\ = p} = ^ 
we have 

(33) T = Tia) + S, where Tia) =- [ z{z — T)~^ dz 

Z'Kl J 

\z-a\=&{a) 

is an operator of rank m{a) with 

(34) a{T{a)) = {«}, 

and 

(35) S = - [ z(z — T)~^dz. 

\z\=p 

Moreover, for any entire function F{z), say, for polynomials, 

(36) F{T)= F{T{a)) + F{S), 

\a\>p 

where by the Riesz-Cauchy formulae, 

(37) F(T(a)) = ^ I F{z){z-T)-Uz, HS) = J F{z){z - TyUz. 

\z—a\=S{a) kl=P 

It follows that 


(38) Trace F{T{a)) = F{a) ■ m{a). 

(39) F(r(a)) = 0 if F(^)(a) = 0, 0<j<m(a). 


Now we are ready to prove 
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Theorem 1. Let T be a compact operator in a Banach space X, and some power T^* is a 
nuclear operator. Then cr{T) is hdsymmetric, i.e., for any (3 G C \ {0}, 


(40) 


2tt 

m{/3io'^) = m{/3) for all k = 0,1,... d — I, io = exp( i— 


if and only if 

(41) Trace = 0, 1 < r < d - 1, 

for all sufficiently large p, say p>p*> 4(7*. 


Of course, \i d = 2, this is an extension of ZelOSl ] , Thin. 2, to a Banach case. 


Proof. Part 1: (j40l) ()4in . This is an “algebraic” claim although first we notice: the 

assumption p > 4g* guarantees that all operators T”, n = dp+r,va. (f4T]) satisfy |-condition 
so by Grothendieck theorem 


(42) 


Trace T^ = ^Xj{T^) 
i=i 


and the absolute convergence permits to rearrange the terms of the right sum as we wish 
to write 


(43) 
With 

(44) 


Trace T^ = m{fi; T^‘ 


m{^l■,T^) = 0 for n ^ o{T^) 


we can “add” the terms with p, 0 a{T^) and this does not change the right side in (|43p . 
For 


(45) 


n = dp + r G (l4TTl define g = gcd{r, d} 


so 


(46) 


r = ag, d= bg, {a, b) = 1 


and with r < d — 1 we have 1 < a < 6. For any p G C \ {0} take its Z^-orbit, i.e., 

27r\ 


p = {p ■ : 0 < j < b}, T = = exp( i— j. 


(47) 
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The sum in ()i3]) could be written as 


b-l 


(48) 


orbits j=0 


where for certainty fi in the orbit ([Trj) is chosen as ^ 0 < Now we will 

show that the sum in (|48p over each orbit is equal to zero. With numbers as in (14511 put 

K = exp( i — ) so = 1 and notice that if u = A"', we choose 
\ n J 


(49) 
then 

(50) 
and 


A=|/i|VV’’', d'= -, 
n 




Xu!^ ) = HOJ 


6-1 


d -1 


^ak, rpn \ (D 


3=0 


j;/rr^m(/rr^;r-) = t T”) 

^ k=0 

d—1 n—1 


(51) 


^ k=0 s=0 

^ n—1d—1 


5=0 fc=0 
n—1 


^ n—1 d—1 

9 n 7 r\ 


^ak W 


s=0 

n—1 


fc =0 

'b-l 




(5) 


^m{XK^-,T) j I = 0 

i=o 


vs =0 


The steps in (|5T]1 are justihed in the following way. |(1)| comes from (IHHIl . (2) is just 

the change of order of the double summation. |(3)| uses in essential way the theorem’s 

assumption ([40|) on being independent on k. |(4)| is bases on the properties of the 

6-1 

roots uj, T, oj'^ = 1, T = uj^ under ([46l) . Of course, in |(5)| = 0, and runs g 


times over Part (jini) ^ dm is proven. 


3=0 


□ 
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Proof. Part 2: (El) ^ (H0|) . Take A / 0 and as before 


(52) n = dp* + dp + r, I < r < d — I, p>0 
and 0 < /9 < |A| is snch that 

(53) n {z € C : |z| = p} = 0, 
with 

(54) A = {Aw^ : 0 < A: < d-1} 

being the Z^-orbit of A. Now we nse (j36p for the special choice F = Fpr with 


(55) 

/ Z \ dpt,+dp+r 

Fpr{z) = [j) Piz), 

where 


(56) 

/ ^d ^d\ "*(«) 

n {if:.) - 

H>p 

aGo-{T) 

a^X 

(57) 

= ifi^z'^)., and if is a, polynomial. 

Then by ([39]) 


(58) 

p{T{a)) = 0, 

(59) 

Fpr{T{a)) =0, Va 0 A, a > p 


but for /3 G A, i.e., (5 = Acn^, 

(60) Trace Fpr{T{(3)) = m{l3)Fpr{f3) = . 


Therefore, 

(61) 

where 

(62) 


d-l 

Trace Fpr {T) = + Trace Fpr {S) 

k=0 



\A=p 


= max{|(^(z)| : \z\ < p} 


Put 

(63) 
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and with (l53l) 

(64) 

Then 

(65) 
where 

( 66 ) 
and 
(67) 

Now by (jlT]) and ([6T]) 


M = max{||i?(z;T)|| : | 2 ;| = p} < oo 


||Tpr(S')||i < Ct^, any r, 1 < r < d — 1 


C = 


^fjLV 


t = 


\MJ 


< 1. 


d-l 


( 68 ) 


0 = u)^^m{\u}^) + ^pr for any p > 1 and r, 1 


A:=0 


d-l 


The sum does not depend on p but the remainder by (65|) to 

ICprI < Ct"^ so ^pr 0 {p ^ oo) 


A:=0 


(69) 

This implies by 

(70) 
or 


d-l 


= 0, Vr, 1 < r < d — 1 


A:=0 


(71) yk = m{\oj^), 1 < k < d — 1. 

is a solution of the system 


d-l 


(72) 


'^uj^'^yk = -yn, l<r<d-l. 


k=l 


Its determinant is of Vandermonde type so 

,kr'\ d—1 


(73) 


det{a;'^'-}^;i, / 0, 


r < d — 1. 


(j67l l have estimates 
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and the identities 

d-l 

(74) = 0, Vr, 1 < r < d - 1 

fc =0 

show that by d72|) 

(75) Uk = Vo, i-e., m{\uj^) = m{uj), \/k, 1 < k < d — 1. 

This proves that the multiplicity function m is constant on Z^-orbits in C \ {0}, and (fiO]) 
is proven. □ 

It is worth to notice that the proof of Part II does not use any form of Grothendick or 
Lidskii thoerem but it uses only properties of a linear function Trace on M{X\X) and an 
elementary formula for Trace K when K is an operator of finite rank. 
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